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Two upward directed sets  of sequences  of zeroes and  ones are posit ively correlated.  We 
provide a lower b o u n d  on the  correlation,  in func t ion  of how much  the  two sets  s imu l t aneous ly  
depend  on the  s ame  coordinates .  

I. I n t r o d u c t i o n  

Consider a set A of sequences of length n of zeroes and ones, that  is, A C {0,1} n. 
We say that  A is increasing (or upward directed) if 

x �9 A, Vi < n, Yi >_ xi ~ Y �9 A. 

Given two increasing subsets A , B  of {0,1} n, a well known result asserts that  

2ncard ( A n  B) >_ card Acard B 

or, equivalently 

(1.1) # (A n B) _>/z (A) # (B) 

where # ( A ) = 2 - n c a r d  A is the normalized counting measure on {0,1} n. 

For x C {0,1} n, and i < n, consider the sequence Tix obtained from x by 

changing the ith-coordinate. For a set A C  {0,1} n, we set 

A i = {x �9 A; Tix r A} .  

The quantity #(Ai )  expresses "how much A depends on the i th coordinate." In 

particular if # ( A i ) = 0 ,  then A does not depend on the i th coordinate in the sense 
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that  x E A if and only if T/x E A. We should also observe that  if A is increasing 
then x E Ai ~ xi --1. 

The usual proof of (1.1) by induction upon the number of coordinates shows 
that  equality holds in (1.1) if and only if for each coordinate i, either A or B does 
not depend on i. A natural question, which is the object of the present paper, is to 
find a quantitative version of this fact, that  is to find a lower bound of # ( A A B ) -  
# (A)# (B) in function of "how much A and B simultaneously depend on the same 
coordinates." Certainly there are many conceivable ways to quantify this, but, since 
A and B simultaneously depend on coordinate i if and only if #(Ai)t t(Bi)  > O, it 
is natural to introduce these quantities. We will prove the following. 

Theorem 1.1. Consider, for 0 < x < 1, the function ~(x) = x/log(e/x) .  Then, for 
some universal constant K, for all n and all increasing sets A ,B  C {0,1} n, we have 

It would be of course very difficult to have an exact expression for the difference 
# ( A A B ) - # ( A ) # ( B ) .  But we will show that  in a case of special importance, the 
lower bound given by (1.2) is of correct order. Consider an integer k >_ n/2, and set 

Thus # ( A ) + p ( B ) = I .  Set E = # ( B ) .  Since B c A ,  we have 

It ( A N B )  - # ( A ) # ( B )  = e -  e (1 - e) = r 

On the other hand computation (or the arguments of Section 2) show that  

#(Ai)#(Bi)  is of order r And ~ (e21og(1/r is of order e2, so that  
i~_n 

(1.2) is sharp in this case. This should be the moment to point out that  the weaker 
inequality 

(1.3) # (A N B) - ,  (A) # (B) >_ E ~ (# (Ai) # (Bi)) 
i~_n 

that  is considerably easier to prove than (1.2), would not be sharp on the example 
a b o v e .  

The proof of (1.2) will be by induction over the number of coordinates. How- 
ever, before that  can be done a new fact has to be proved about increasing sets. 
While somewhat technical, this new fact is the heart of the paper, and is bet ter  
explained as part of a circle of ideas. 
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2. H a r m o n i c  ana lys i s  

The  title of this section is choosen to pay respect to the remarkable work 
[1]. While our methods belong to the same circle of ideas, they actually are not 
connected very much with harmonic analysis, but  rather with probability. 

For i < n, let us consider the function r i (x)  = 2 x i -  1 on {0,1} n. Thus 

[r i l=l , fr id~=O. If A is an increasing set, we observe that  

(Ad = f rid. (2.1) # 
, /  

A 

Since the functions r i constitute an orthonormal system in L 2 (#), we obtain im- 
mediately that  for any set A, we have 

(2.2) ~ ridp <_, (A). 

(In the case of increasing sets, this reads ~ # (Ai)2 < # (A).) 
i<_n 

This is however not sharp when # (A) is  small, and a sharp inequality will be 
an essential tool. 

Proposit ion 2.1 (Subgaussian inequality). (see e.g. 
(ai)i<n. Then 

[2] p. 90) Consider numbers 

- -  - -  2 " 
(2.3) # > t < 2 exp V" 

i<_n 

To simplify notations, we now denote by K a universal constant, not necessarily 
the same at each occurence. 

Proposition 2.2. For some universal constant K and any subset of {0,1} n we have 

(2.4) . r id .  < K .  (A) 2 log 

Proof. Step 1. Consider numbers (ai)i<n with ~ c~/2 = 1, and set f = ~ c~iri, so 
i<n i<_n 

that ,  by (2.3), we have # (]fl -> t) <_ 2 exp ( - t 2 / 2 ) .  Now, for any to _> 1 

OO OO 

A 0 0 
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oo oo  

~_ ,(A)to + 2 f e-':/~dt. ~_ ,(A)to + 2 f te-'~/~,~t <_ ~,(A)to + 2e-'~/~ . 
to to 

Taking to = V/2 log - ~  > 1 yields 

J i e (2.5) fd# << K#(A) log #(A) 

A 

Step 2. Taking 13i=frid#,ai =~i fl in (2.5) yield the result. | 
A 

For an increasing set A, a quantity that will be of importance in the proof of 
Theorem 1.1 is 

2 

To find a bound for H (A) one can observe that A k identifies to a subset of {0,1} n-1 
(since x k = 1 for x in Ak) so that by (2.4) 

E rid, <_ Kt~ (Ak) 2 log e 

By summation over k this yields 

(2.6) H (A) = E # (Ak)2 log e 
# (dk)" 

k<_n 

The essential ingredient in proving (1.2) rather than (1.3) is the following improve- 
ment of (2.6). 

Proposition 2.3. For any increasing set 

(2.7) H (A) _< K E # (Ak)2 log 
k<n 

K 
# (Ak) 2" 

k<n 

Let us comment on this result. The function xlog K increases near zero. For 

increasing sets, (2.4) reads 

E #  (Ak) 2 ~ K #  (A) 2 log g 
#(A) 

k<_n 
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so that (2.7) implies 

(2s) H (A) <_ K# (A)2 (log # - ~  ) 2 . 

Now it is easy to see that, for an increasing set A we have 

f rirkdlz = / rid# 
A Ak 

so that  (2.8) reads 

(2.9) 

2 

-< K#  (A)2 ( l~ p-~A)) 

This inequality, that should be compared to (2.4), is known to hold for any 
set A. It can be e.g. proved along the lines of (2.4), using now an exponential 
inequality such as (see e.g. [2] p. 105). 

]z ( i~k ~ < K exp 

\i,k_<~ 

1/2 

Thus, (2.7) can also be described, as an improvement in the case of increasing sets, 
over the (semi) classical inequality (2.9). 

For the proof of Theorem 1.1, we actually need the following "decoupled" 
version of Proposition 2.3, of which this Proposition is an immediate corollary. 

Theorem 2.4. Given two increasing sets A,B we have 

_ i#k 
rid# f rid# 

e 
<_ K ~ # (Ak) # (Bk) log ~ k < n  # (Ak) # (Bk)" 

k_<n 
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3. P r o o f  of  T h e o r e m  2.4. 

The main step of the proof of Theorem 2.4 is the following lemma. 

Lemraa 3.1. Consider a partition I, J of {1,...,n}. Consider an increasing set A 
and S > O. Consider 

L = {k �9 J; 

Then 

(3.1) 

~/2 

_> S# (Ak)}. 

E # ( A k )  2 _< Kexp ( - ~ - )  . 
kEL 

Proof. Step 1. Given kEL, we find numbers (ai,k)iE I such that  ~'~.a 2 =1 and 
iEI i,k 

We set fk = ~iEl ai,kri, so that 

(3.2) / fkd# >_ S# (Ak). 
Ak 

> (Ak) 

Step 2. The main idea of using two disjoint sets I,  J is that  we can think to the basic 

space {0,1} n as a product 121 • 122, where ~1 = {0,1} I , ~t 2 -- {0,1} g. Accordingly, 
we can write wE{0,1} n as (wl,w2),Wl E~I,W2E~2. 

Given Wl E ~1, we consider the set Aw 1 C ~2 given by 

A~I = {w2 E f12; (Wl,W2) E A}. 

Clearly, this is an increasing set. Moreover, for k E J, we have (with obvious 
notations) (A~ 1)k = Ak,~l, where 

Ak,~I = {w2 �9 ~2; (Wl,W2) �9 Ak}. 

We denote by #j the normalized counting measure on ~j  ( j--1,2).  It follows from 

(2.2) that,  for each wl E~I ,  we have 

(3.3) E P~ (Ak,~l) ---- E .2 ((A.~l)k) _< 1. 
kEJ kEJ 
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Given wl C ~ l , k  in L, we observe that the function fk (~1,w2) does not depend 
on w2. We denote by fk (Wl) its value. Thus 

(3.4) / 1Ak (wl, w2) fk (Wl, w2) d.2 (w2) = fk (Wl) P2 (Ak,~l). 

We now integrate (3.4) in Wl. Using Fubini theorem, we obtain 

(3.5) f fkd" ---- f fk (w,).2 (Ak,w,)d.1 (w,). 
J d 

Ak ~'~1 

Step 3. For k E L, we define 

~k,0 = {~1; Ifk (~1) 

and for p > 1 we define 

~k,p = {~ ;2P  < Ilk @1) 

We set 

< 2} 

< 2 p+I } �9 

f 
Ck,p = J fk (Wl) .2  (Ak,wl) d.1 (wl). 

~'~k,p 

Thus, by Cauchy-Schwarz, we have 

C~,p _< .1 (~k,p) / f2(wl)l-t2(Ak,wl)dltl(Wl)k 
~"~k,p 

/21 (ak,p) 22p+2 f .2 (Ak,wl) d. 1 (Wl). 

flk,p 

o~ 2 --1 we can appeal to (2.3) to get Since fk = ~ ai,kri where ~ i,k-- 
iEI iEI 

"1 (~tk,p) <-- 2exp ( - -22p- l )  

SO that 

C 2 < 22P +3 f k,p - exp (_22p-1) .5 (Ak,~,/~.1 ( ~ /  
J 

Combining with (3.3), we get 

(3.6) E c~,~ _< 22p§ exp (_22p 1) 
kEL 
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Step 4. It follows from (3.2) that 

s~ (Ak) _< Z Ck,p. 
p___o 

Consider an integer Po -> 0 that will be determined later, and set C k = ~ Ck,p. 
P<_Po 

Thus 

(3.7) S# (Ak) <_ E Ck,p <_ Ck + E Ck,p" 
p>O P>Po 

We observe the elementary inequality 

p > l  

that  follows from the convexity of the function x --~ x 2 and the fact that  ~ tip = 
p>l 

E 2-~ (2~p). Thus, from (3.7) we have 
p_>l 

(3.8) S2# (Ak) 2 < 2C~ + Z 2 pCk, p.2 
P>Po 

We now sum over k in L, using (3.6), to get 

(3.9) S 2 E # ( A k ) 2 < 2 E C 2 +  E 23p+3 exp ( -22p-1)  . 
kc L k6L p>po 

We now observe that C k < 2p~ (Ak) , so that  

(3.10) s2 E'(xk)2-< 2~~ E ' ( A k ) 2 +  E 23~+31xp (-22p-1) " 
kEL kCL P>Po 

We now choose P0 to be the largest such that 2 2p~ < $2/2. Thus PO -> 0 
whenever S > 4. 

From (3.10) we get 

(3.11) S 2 E  l'z(Ak)2< E 23p+4exp(-22p-1) " 
kEL p>po 

We now observe that, by definition of Po we have $2<  22(p~ Also, 

E 23p+4exp(--22p-1) ~Kexp(-22p~ 
P>po 
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SO that the result follows from (3.11) when S > 4  (and from (2.2) when S < 4 ) .  

We now prove Theorem 2.4. 

Step 1. The first observation is that it suffices to prove that given 
I,J of {1,...  ,n}, we have 

(3.12) E E rid# < K U l o g  
icI kEJ 

where 

any partition 

LS= {k6 J;i~6i] /jkrid# fBk rid# 

E #(Ak)#(Bk) Kexp ( - ~ - ) .  
kELs 

Indeed, let us define 

= ~k  E J; L 1 

t 

] 
> s~ (&) 

1 "  , 

] 

r }  = k e J; ~_, > s .  (Bk) iEI k ridp - " 

It follows from Cauchy-Schwarz that L C L 1 U L 2. Using Cauchy-Schwarz again, 

E # (Ak) # (Bk) < (Ak)2 
\k6L 

We now appeal to Lemma 3.1 to bound the first sum, and to (2.2) to bound 
the second sum, and we get 

E #(Ak)l~(Bk)- K e x p  ( - ~ )  . 
k6L I 

then 

(3.13) 

251 

| 

u = ~ ~ (Ak) ~ (Bk). 
k<n 

Indeed, Theorem 2.4 then follows by averaging over all possible choices of I, J .  

Step 2. We show that if S > 0 and 

> s2~ (&) ~ (Bk)~ 
) 
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A similar inequality for L 2 concludes the proof. 

Step 3. We set 

For p > 1, we set 

Thus by (3.13) we have 

kELp 

and thus 

(3.14) 

Thus 

kELp iEI 

Consider now an integer P0, to be determined later. Then 

E E E/.~e. 
P>Po kELp iEI Ak 

Also, by definition of Lp, 

p<_po kELp 

_< K e x p  ( - - ~ - ~ )  �9 

B f k  ridtt <-- 22P~ E tt (Ak) # (Bk) 
kEJ 

< 22po+2u. 

kEJ iEl Bk 
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This result then follows by taking for P0 the smallest integer > 0 for which 
exp (-22P~ / K )  < V. II 

4. P r o o f  o f  T h e o r e m  1.1 

Let us start  by some easy observations about the function ~. 

Lemma 4.1. I f O < u < v < l ,  we have 

(4.1) ~ (v) <_ ~ (u) + - -  
2 (v - u) 

log 

Proof. We have 

1 1 - -----~ + - -  
~ ' (x )  log~ (log ~) 2 

so that  ~p' increases, (and thus ~o is convex) and ~' (x) <_ 2/ log (e/x). By convexity, 
we then have 

(.)  < ~ (~) + (v - u) ~' (v) < ~ (u) + 2 (v - ~) / log ( e / v )  | 

The proof of Theorem 1.1 is by induction over n. The result is rather obvious 
if n = 1. We perform the induction step from n - 1  to n. 

Step 1. The key point is that  it follows from Theorem 2.4 that there exists k <_ n 
for which 

(4.2) 
E it ( & )  it ( B e )  

g < n  

We assume without loss of generality that  k = n. We define 

A~ (O,W-1;(x,O) A} 

A l = { x C { 0 , 1 } n - 1 ; ( x , 1 )  C A }  

and B ~  1 similarly. Since A is increasing, we have A ~ C A 1. We denote by p~ 

the normalized counting measure on {0,1} n-1.  Let aJ = it' (AJ), bJ = it' (B j) for 

�9 j t jC{0 ,1} .  Thusa0<_al ,b~ F o r i < n , j c { 0 , 1 } , w e s e t  a i = t t  ((AJ)i),  and we 
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similarly. We wish to prove (1.2) for a certain constant K1, that will be define 
determined later (actually Kt = 2/(0). Thus by induction hypothesis, 

1 (~.,aObO ~ # ' (  A~176 i i i ,  
\ i<n  / 

1 ( r a i A  # ' ( A 1 n B l ) - a l b l  >- ~ l ~ Z . .  ~ z l ] "  

\ i<n  I 

Since 
1 #~ 

and since T is convex, we have 

1 1 (i~<nl(aObO§ /~(ANB)-~  (a~ 0 +alb 1) > ~1 ~ 

Since #(A)= 1 (a 1 +a 0) ,# (B) = 1 (b 0 +bl), we have 

)1 # ( A N B ) - # ( A ) # ( B ) > _  ~1 ~ E (aObO+albl) + ~ ( a l - a 0 )  (b l -b0)  
\ i<n  

Step 2. Thus, we are reduced to show that 

1 ( / 1 ( l ( a O b O + a l b l ) ) + l  (4.3) ~11qo Eaib i  <_ -~199 E - 2  -4 ( a l -  a~ ( b l -  b~ " 
\i<n ) i<n 

where ai = p (Ai), bi =# (Bi). We will deduce this inequality from (4.1) with 

E I ( o o  11) E u= -~ a ib i +a ib i , v= aib i. 
i<n i<_n 

We observe that ai--1-~ (a 0 +a~) (and similarly for bi). Thus 

/<~n(1 1 11) )  v - u = a n b n  + . (a O +a 1) (b O +b 1) --~ (a~ O +a ib i 

1 
=anbn + ~ E (at -a~  (b~  " 

i<n 
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We now observe that  

l ~  = /  / a i - a i = - rid# I rid# l = 2 rid # . 

A i A ~ A I \ A  ~ A n  

1 0 A similar equality for b i - b  i yields 

and, combining with (4.2) we have 

e 
Iv - u I <_ anbn + Koanbn log ~ agbe 

g<__n 
c g 

<<_ 2Koanbn log ~ agbg 2Koanbn log -v 

since ~ agbe<_l by (2.3), and since we may assume K 0 > I .  
g < n  

It then follows from (4.1) that  

(4.4) ~ (v) <_ qo (u) + 2Koanbn. 

We now observe that  

so that  (4.3) reads 

a l - a ~ 1 7 6  = 2 , ( A n ) = 2 a n  

1 1 
lr(----Tqo (v) < --~ lqO (u) q- anbn 

and indeed follows from (4.4) if K1 = 2/(0. 

5. Sets  w i t h  large b o u n d a r y  

Let us look at the proof of (2.2). 

/3i= f rid#,cei=/3i fl~ , f  = ~ oeiri, to write 
A i<n 

\i_<n ] A 

One way to look at this proof is, setting 

= u (A)  1/2 
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In order to have the leftmost and the rightmost term of the same order, the two 
central terms must be of the same order. The natural way to make f fd# large 

A 

isbyrequiringthatAresemblesaset {~<n~iri>-t}'i_ O n e i s h e n e e l e d t o t h i n k  

f 

that  the typical example when # ( A ) =  1/2 is the set ~ ~ ri>O~. In that  case ,  
I.i<~ J 

we indeed have that ~ #(Ai) 2 is of order 1. On the other hand we have, in that  
i<_n 

example, a rather special feature, namely (J Ai is of measure of order 1 /v~ .  
i<_n 

For a point x of an increasing set, let us denote by N (x) its number of neighbors 
outside A, that  is 

N A (x) -- card {i;x e Ai}. 

We observe that, by (2.2) and Cauchy-Schwarz, 

(5.2) f IrA (x) d,  (x) =~tt(Ai)<_i<n Vr~(i~<n 

1/2 

2 < (A) 1/2 < v% 

Proposition 5.1. For each n there exists an increasing subset A of{O, 1} n such that 

As is shown by (5.2), this is the best order possible, and is in sharp contrast 

with the case B= l ~ ri >-O} ' where NB is ~ ~ n ~ a set ~ measure ~ 

]/v% 
Proof. The proof is probabilistic. We will skip most of the routine computations. 

Step 1. Consider an integer p to be determined later. Consider random variables 
(Y/J)i<_p,j<_2p that  are independent uniform over (1, . . .  ,n}. We consider the random 

subset A of (0, 1} n given by 

x C A r Vj < 2 p, 3i < p, x (Y/j) = 0. 

Step 2. Consider now x C {0,1} n. Set k = card {i<n;xi=O}. We estimate, in 
function of k, the probability that xE A. By independence, given j < 2 p, we have 
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so that  

(5.3) P(x E A) = ( 1 - ( - k n ) P ) 2 P - - ~ e x p ( - ( ~ ) ' ) ~ - - e x p ( - ( l + x / ~  ~p~] 

where we have defined t by k= ~ +tv/~.  A crucial feature of (5.3) is that  this is of 

order 1 as long as p < x/~, t < 1. 

Step 3. Let us say that  y is a neighbor of x if y = Tix for some i, i.e. 
card {i;xieYi} -- 1. Consider x as in Step 1, and the event H(x,r) that  x E A 
and has r neighbors outside A. We will prove that  if It[ < 1, and i fp  is the largest 

for which p _< v ~ then 

1 

Since #({x; [t[_< 1}) >_ :~, it follows from Fubini theorem that  with positive 

probability we have 

1 

and this proves the result. 

The proof of (5.4) is an elaboration of the argument of Step 2. We have 

g(x,r)  D{xEA}nH 1 (x,r) where H 1 (x,r) is given by 

3 j l , . . .  , jr,Vg < r, there exists a unique i t < p 

with x (Y/~,j~) = 1, and the points }~j~ are all different. 

For j <_ 2P, consider the events 

Vj = card {i < p; x (Y/,j) } >_ 1, 

Uj = card {i <p;x(Yi,j)} = 1. 

Thus, P(Uj)=pn~nk(k)P-1. Since P ( V j ) = 1 - ( k ) P  is near 1, the conditional 

probability P (UjlVj) is at least 

- -  > P 2 - p  
K - K  

provided we assume again It[ _< 1, and since p _< x/~. We observe that  
{x E A} = Nj<_2v Vj. Conditionally on {x E A}, the events Uj are independent, so 

with probability close to one at least p/K of these events occur. When Uj occurs, 

a unique index i(j) such tha t x (Y/(j)) = 1. If we condition with respect there exists 
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to the set J of indexes for which Uj occurs, these indexes i (j) are independent uni- 

formly distributed in the set I =  { i ;x i  =1} (of cardinality about  n / 2 ) .  Thus with 
probabili ty close to one, at least p / 2 K  of these indexes are distinct. 

We have shown that  P ( H ( x , ~ )  {xCA})  is close to one. Combining with 

the result of Step 2 finishes the proof. | 
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